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Def: 

Let X be a r.v. with p.d.f.  f(x) the rth central moment of X about 𝜇 is 

(𝜇𝑟) defined as  

𝜇𝑟 = 𝐸(𝑥 − 𝜇)𝑟 

As a special case  

𝐸(𝑥 − 𝜇)1 = 0 , 𝐸(𝑥 − 𝜇)2 = 𝑣𝑎𝑟(𝑥) 

Ex: find the moment from the order (1,2,3,4) about the origin of 

continuous r.v. with the following p.d.f. 

𝑓(𝑥) = {
1

2
𝑥, 0 < 𝑥 < 2

0, 𝑜. 𝑤.
 

Sol\ 

𝐸(𝑥) = ∫𝑥 𝑓(𝑥) = ∫𝑥
1

2
𝑥 𝑑𝑥 =

1

2
∫𝑥2
2

0

2

0

2

0

 𝑑𝑥 =
1

2
(
𝑥3

3
|
0

2

) =
1

6
(8) =

4

3
 

𝐸(𝑥2) = ∫𝑥2 𝑓(𝑥) = ∫𝑥2
1

2
𝑥 𝑑𝑥 =

1

2
∫𝑥3
2

0

2

0

2

0

 𝑑𝑥 =
1

2
(
𝑥4

4
|
0

2

) =
1

8
(16)

= 2 

𝐸(𝑥3) 𝐻.𝑤. 

𝐸(𝑥4) 𝐻.𝑤. 
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Ex: find the centra moment from the order (1,2,3) of continuous r.v. with 

the following p.d.f. 

𝑓(𝑥) = {
1

2
𝑥, 0 < 𝑥 < 2

0, 𝑜. 𝑤.
 

Sol\ 

𝜇1 = 𝐸(𝑥 − 𝜇)
1 = ∫(𝑥 − 𝜇)𝑓(𝑥)𝑑𝑥 = ∫𝑥𝑓(𝑥)𝑑𝑥 − 𝜇∫𝑓(𝑥)𝑑𝑥

2

0

2

0

2

0

 

= 𝜇 − 𝜇 = 0 

𝜇2 = 𝐸(𝑥 − 𝜇)2 =
2
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Def: 

The moment generating function (m.g.f) of r.v. X is the expected value 

of (𝑒𝑡𝑥) and denoted by 𝑀𝑥(𝑡) that is 

𝑀𝑥(𝑡) = 𝐸(𝑒𝑡𝑥) =

{
 
 

 
 ∑𝑒𝑡𝑥𝑖𝑝(𝑥𝑖)

∫(𝑒𝑡𝑥) 𝑓(𝑥)𝑑𝑥

∞

−∞

 

If the m.g.f. of r.v. exist it can used to obtain all the origin moments of 

the r.v. 

• Let X be r.v. with m.g.f 𝑀𝑥(𝑡) then  

 

𝑀𝑥
′ (𝑡) =

𝜕𝑟𝑀𝑥(𝑡)

𝜕𝑡𝑟 𝑡=0
| = 𝐸(𝑥𝑟) 
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Ex: Suppose that X has the following p.m.f  

𝑓(𝑥) = (
𝑛

𝑥
) 𝑝𝑥(1 − 𝑝)𝑛−𝑥   ; 𝑥 = 0,1,2,3, … , 𝑛 

Determine the m.g.f. and using it to verify the mean and variance 

Sol\ 

𝑀𝑥(𝑡) = 𝐸(𝑒𝑡𝑥) =∑𝑒𝑡𝑥𝑖𝑝(𝑥𝑖)

𝑛

𝑖=1

 

= 𝑒𝑡𝑥∑(
𝑛

𝑥
) 𝑝𝑥(1 − 𝑝)𝑛−𝑥

𝑛

𝑖=1

 

=∑(
𝑛

𝑥
) (𝑝𝑒𝑡)𝑥(1 − 𝑝)𝑛−𝑥

𝑛

𝑖=1

= [𝑝𝑒𝑡 + (1 − 𝑝)]𝑛 

𝑀𝑥(𝑡) = [𝑝𝑒𝑡 + (1 − 𝑝)]𝑛 

 

𝑀𝑥
′ (𝑡) =

𝜕1𝑀𝑥(𝑡)

𝜕𝑡1
= 𝑛[𝑝𝑒𝑡 + (1 − 𝑝)]𝑛−1𝑝𝑒𝑡 

𝑀𝑥
′ (𝑡) = 𝑛𝑝𝑒𝑡[𝑝𝑒𝑡 + (1 − 𝑝)]𝑛−1  

𝑀𝑥
′ (𝑡)𝑡=0| = 𝑛𝑝𝑒0[𝑝𝑒0 + (1 − 𝑝)]𝑛−1 = 𝑛𝑝[𝑝 + 1 − 𝑝]𝑛−1 = 𝑛𝑝

= 𝐸(𝑥) 

 

𝑀𝑥
′′(𝑡) =

𝜕2𝑀𝑥(𝑡)

𝜕𝑡2
= 

𝑛𝑝𝑒𝑡[(𝑛 − 1)𝑝𝑒𝑡 + (1 − 𝑝)]𝑛−2 + [𝑝𝑒𝑡 + (1 − 𝑝)]𝑛−1𝑛𝑝𝑒𝑡 

𝑀𝑥
′′(𝑡)𝑡=0| = 𝑛𝑝𝑒0[(𝑛 − 1)𝑝𝑒0 + (1 − 𝑝)]𝑛−2 

+ [𝑝𝑒0 + (1 − 𝑝)]𝑛−1𝑛𝑝𝑒0 

= 𝑛𝑝[(𝑛 − 1)𝑝(𝑝 + (1 − 𝑝))] + 𝑛𝑝[𝑝 + (1 − 𝑝)]𝑛−1 

= 𝑛𝑝(𝑛 − 1)𝑝 + 𝑛𝑝 

q=(1-p) 

p+q=1 
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= 𝑛𝑝2(𝑛 − 1) + 𝑛𝑝 

 

𝑀𝑥
′′(𝑡) = 𝑛𝑝2(𝑛 − 1) + 𝑛𝑝 = 𝑛2𝑝2 − 𝑛𝑝2 + 𝑛𝑝 

𝑣𝑎𝑟(𝑥) = 𝑀𝑥
′′(𝑡) − {𝑀𝑥

′ (𝑡)}2 

= 𝑛2𝑝2 − 𝑛𝑝2 + 𝑛𝑝 − 𝑛2𝑝2 = 𝑛𝑝 − 𝑛𝑝2 = 𝑛𝑝(1 − 𝑝) = 𝑛𝑝𝑞 

 


